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ABCTRACT

The effect of cherical kinetics on rocket nozzle design was in=-
vestigated for the particular case of hydrogen gas flowing adiabati-
cally through a typical rocket nozzle hiving a chamber-to-tlroat-area
ratio of 2 to 1, For corparative purposes the following types of
flow were considered: (a) constant composition (frozen eguilibriui),
(b) instantaneous chemical equilitriur. (shifting eguilibrium), and
(c) kinetic clLenical ejquilibrium,., A stepwise iteration process was
erploved tc oerfor: the integration of tie differential eguation in
case (c). In each cas~ the gas enterad the nozzle at a tesperature
of 3500°K and a pressure of 20 atm and was allowed to expand is~ntropi-
cally to an ext.aust pressure of 1 atm, The results for a nass flow
rate of 1000 gm sor-‘ ire pres=nted in Figs, 2 throu h 6, The instan-
taneous eguilibri flow assuuption not only gives a hLishep specific
irpulse, but alsc re uires a larger nozzle tlan either the rinetic or
the consta: ~osition flow assuzption., The hinetic equilibriunm
flow results ire intermnediate between t'!ose for instantanecus =yuiili-
briunm flow and those for constart composition flow, the relative posi-
tion dependings on tie ragnitude of tre rejction rate which ,overns toe

kinetic ecuilibrium,



INTRODUCTION

It has been standard practice in the field of rocketry to compute
the specific irpulse (i.e., thie jet velocit: divided by tle accelera-
t.on of gravity) of a prop~llant system on tie basis of either of two
fundamental assumptions, numely, tnat the adiabatic flow of propellant
gases from ti.e combustion chamber through the nozzle is sucl tiat either
(a) constant composition or (b) instentaneous cl.emical equilibrium is
nraintained, For an adiatatic process, assuiption (a), which says that
the inherent reaction rate is zero, gives a ~inirum value for the speci-
fic irpulse, hereas assusntion (b), w. Zch ss5ys that tre inuerent reic-
tion rate is infinite, gives a raximwn value for the cpecific impulse,
The introduction of reaction rate eguatiors into tie co:putztion of
specific iupulse so complicates the probler that heretofore investipa-
tors have, perforce, been ponerally saticfied with a2 knowledpe of the
1li:iting values ottiined on the basis of the anove assuiptiyne,

Aside from tle conputational difficulities wiici it ~ntails, the
kinetic approact, because it rejuires close .diere-.ce to ph;sicil reali-
ty, t~nds not only to ectablish tte tru= specific i pilse for &4 propel-
lant costem, tut Wdso Lo give sore insight irto !'le d-sign of the nozale
for th:.t srsten, In gereral, specific I-pulue vialues coouted .nder
assusptions (a) and (b ure rade witiout repard Lo w2zl confisuration

and witl the added sirplifying asse ptior k=t the charber ases ~nter

h

the nozzle with zero velceity, Jineca tiis lattsp wisu-ption has v

[

N

¢l jfustification ard is erroneous, it leads to s .rious v



specific impulse, In order to obviate this condition it is necessary
nt the outset to deternine the charber velocity at tlie entrance to the
nozzle for the t.pe of gas flow under cou: lderation, This may be done
only by consideration of no:zle configuration,

The nozzle ,enerally accept~d ' rocket desiyners is the conver;ent-
divergent de Laval tvpe, whic: is formed from two irtersecting right cir-
culapr cones, Tk~ half angle of tie convercent cone Is usually )Oo and
that of the divergent co:e, 150. To prevent discortinuity of flow, the
throat section is rounded off wit!. a r.dius of curvature wiich i1s equal

to tie tiroat diwceter 2r Such a nogzle was conside=ed by altran and

t.
(1),(2) - A , -
Perner, ihe nozzle considered in this study is shown in Fig. 1.
it differs from tre Altran an!l Penner rerzle in two respects, Fipst,
according to curreont decigr practice, the entrance area Ac is twice tie

throst areq A Tiis restr.ction perr.its one to establish, among other

L
tliings, the~ origin of a rectarigular coordinate system at the entrance
to the nozzle, Clecondly, the convergent core is replaced with a splere
of radius Toe The sphere is tungent to t!e rounded throat section at a
point where tire slope rakes an angle of 23° 31' with the nozzle axis,
Tte use of a spherical section instead of a convergent cone ensures con-
tinuity of flow from tre corbustion chanher into the nozzle entrance,
The propellant systerm in this study is pure hydrogen having a chumne-
ter temperature cof 3500°K and a charber pressure of 20 atn, Its Listory
prior to its arrival at tie entrance to t'e nozzle is irrelevint, From

the basic nozzle desipn parameters and nass flo~ rat~ considerations,

the followin, prop=rties iray be co=puted:
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l. Chamber velocity Vo

2., llozzle triroat area At

3. Nozzle length L

4. Jet velocity Ve OT equivalent specific impulse I
In this study, the above properties are deterr.ined n:t only for (a)
constant composition flow and (b) instantaneous chemical equiiibrium
flow, but also for (c) kinetic charicnl equilibriun flow, Case (c)
rakes use of tie expression for the rate of recorbination of hydrogen
atoms during t.e adiabatic expansion process of the nropellant gas as

it flows throust the nozzle,



GENERAL THLIU'ODYNANMLC BQUATIONS

Several basic eyuations may re derived from a thernodynanic
consideration of the propellant gas rmixture., For the association
reaction

H = H,,

the equilibriur. constant Kp is given by the expression
AN T (1)
Kp = My My T s

wiere N" and NH are the role fractions of H2 and H, respectively,
2

and P is the total pressure in atuospheres, The role fractions

satisfy the obvious relation

NH2 + N” =], (2)

The molecular weiglt of the gas mixture is ;iven by the relationship
M o= Z NM, (1 =1, 2), (3)

where Ni and Mi

tively, of corponent i,

are the role fraction and the rolecular weight, respec-

The expansion of the propellunt gas is assumed to be isentropic,

The specific entropy of tie gzas nixture is j;iven by tle expression

s = -lr (NS - REN, in N, -R1nP), ()

where s is t'e entropy in calories per degree per gram, K is the Lolecu-
lar weight of tne ;as misture, Sz is the entropy per -ole of coriponent

i at one atiospnere and :t a given temperature, Ni is the mole fraction



of component i, R is the gas constant, and P is the given nressure
in atmospheres,
The specific enthalpy of the gas mixture at any point in the ex-

pansion process is given by the expression

1 T
h = T[ZNi(AHfi * AHoge.16, i)] ’ (5)
where h is the enthalpy in calories per gran, M is the molecular
. T
weight of the gas mixture, and N H and H.n, are the
g e ga » and Ny, BHp , snd BHogs 14 4

i
mole fraction, the heat of formation, and tie sensible heat content,

respectively, of conponent i,
By equating the chanye in kinetic energy of ttie expanding gas to
its change in enthalpy, the velocity at any point in the eapunsion is

found to Le
v = [VE . 2J(hc - h)] 1/2 , (6)
where v is the velocitv in centireters per second, h is the specific
enthalpy in calories per gram, J is the mechanicul equivalent of heat,
and the subscript ¢ refers to tie charter conditions,
opecific impulse and velocity are related by ineans of tiie simple

exopression

I= V/IG ) AN

where I is tlie specific i~pulse in seconds, v is tie velocity in
centimeters per second, and g is the acceleration of gravity. This
concept of specific impulse assuses complete or pe=rfect exvansion of

tt.e propellant gus,

*



MASS FLOW EQUATIONS

A fundamental relationship between nozzle configuration and pro-
pellant gas mass flow nay be derived from tie following considerations,
The time rate of mass flow @ in grams per second may be defined by the

expression

b = PAvV, (8)

where p is tue densit. of tre gas in grars per cubic centimeter, A is
trie cross-sectional area of the nozzle in square cent.meters, and v s
tl.e velocity in c~nt.meters per second, The ideal ysas equatiorn may te
written in the form

P-T"rm, ()

where P is the absolute pressure in at:ospheres, p is the density of
the gas in grars per cubic centineter, M is the nolecular weight of
the yas, R i: the gas constant, and T 1s the absolute tenperiture in
degrees Eelvin, Lquations (3) and (7) may be combined to pive the ax-
pression

uRT
A"m;: (10)

for th= area associated with a ;;iven rmass flow rate 4t any point in
thie nozzle, TlLe corresponding cross-sectional radius is g.ven by tte

expression

172
| )

Fron the eyuation

N
O N

x2 sy =r (12)



which defines the spherical sectior of the nozzle depicted in Fig. 1,
and the fact that y = r, the following expression is obtained for the
distance downstrear fror t: e nozzle entrance throug!. the spherical

section

-r) . (13)

An axpresscion for t'.e distance downstreyr througsh the rounded
throat section wny be derived fror. the ejuation w ich defines tie siape
of the trroat., I+ terrs of an x, y coordinate syster having its origin
nt tr.e center of the ncozzle ~ntrance, t'e equation of such a definin;

circle s sir-ly

2

-y (1)

2 2 A
(x - xt) e (y - yt) = 2r

where x. and yt are the coordinates of the center of tlie circle whose

t
o 1/2 .
ridius .s 2rt or 2 r. Rrference to Fig. 1 stows that
1/2
Yy = Ir,/2 / (15)
and that
1/2
X =X 4 rc/2 / , (16)

where x1 i5 the abscissa of the point at stiation 1 where t'e circles
defined by Egs. (12) and (1l,) are tangert, By corbining kgs. (lg, .nd
(15, and recembering that y = r, the following expression for tre dis-

tance downstre:m througsh the throat section is ohtained:

- 2 , .1/22]1/2 .
X = X o+ [érc - (r - Src,2 ) : 1)

In by, (17) tie rinus si, n is valid in L .= corver,sant cection of the
nozzle nrd the positive si,n in tte diverrent,
inspection of Fip, 1 shows toast the expression for the distarnce

downstr - fry station 2 14 given by tle relation



x = (r - r2) cot @, (18)
whare r, is the padius of t = throat at station 2 wihere the divergent
cone of 1,.alf angle © is tan.ent to the circle which def.nes the shape
of the t'.roat.

Furti.er inspection of Fig. 1 indicates the following particular

relsztions, The angle a, ascocinted with the point of tLangency at

station 1, is given by ejuation

3242 |
cos a = -—-—3—-I7w— = 0.97:68 , (19)
2(1 « 277)
L 440
s0 tat a = 23,516,
Thus at station 1
= = Q,327363
ry = T, Cosa 0.2736 re (20)
and
= 5 1 o i . ’2
xl r. sina C.47741 r. (21)
At the throat
1/2
= 2 = y Z
ry rc/k 0.70711 r (22)
and
X, =X 21/2rc sin a = 1,1526 r, - (73)
At station 2
r,= (3 -2 cos 159) r, = 0.75529 r_ (24)
and
/2 . _0 s .
Xy = X ¢ 2 sin 15 r. = 1.5136 r. . (25)
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KINETIC R'{UATIONS

hie recortination of Lydropgen 1toms to form hydrogen riolecules

riy be reprecented ty the triple-body collisior

Ky
ZeH —=H
Kk,

4
La ¥}

resction equation

(26)

vhere k. nd gk, are © » forwird “nd backaard renction rate constants,

f b

recpectivaly, and < is any third Lody®., if [r] dearotes the
tion of K irn .oles per culic certinetar, tlen tie tine rate

o€ [h] for 4 process inw i Le volune V

t:~ expre-:ion

"
IS

he ~ 5.1y ver.fied by a consideration of t'e identity [P]

R NG EE RO

fe validits of the thind *erm on tie right<ind side of Ey. (07, moy

1

{5 CLanging Is

2

L]
v

concentri-

of Ctiang e

_iven by

LH/V,

“rere n, (5 the nuw.ber of rules 0f I in the voluue V of axpanding pas.

i tris sy it I8 rore canwend

role fract.iornn N, L an with tiat >f r-2lar concentr-ation [H]

H
ing wose Hf trne id-rtities
) = N“P/i’.T
“nd
] = B/AT
L. (27) tar ba writtan in tu= fore

dN,,

- D R
R ’["H‘i:(f”?m‘ -

d

sl B

k, N

+ N, =— 1n (PV./RT. .,

H it

— s

*Corpure this Lreadtre: t WU Lhat of

Panner

y \

3

a

o)
ad

’
v
13

vith tha concent of

]

Ey i &

( RE:
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For a4 rase of = srans of gas the ideql gas law may be awritten in

t;}t’ f()m‘
PV = rRT/M , (31)

co that
T 1n (V1) = g 1 (eRA) = - -;1;- —S%- : (32)

Hence, b.. (}C) tacomes

n./ oo H
- o Neip mT)7 - kN ' (p/n./] N

Hy using mis, (2) and (3) an+ t'e vilue 1,008 for tre atwuic

= (13)

eitt of hrdrogan, the expression for tie nolecular weai; sttt of the [is

ixture becoies

= 1.008 (2 = N (24)

H °
..unton (13) thus peduces to the following:

dN
z / Y :) 1 ? 5
- e (2 -y [k,ﬂn(e,’m) -y (P’HTH - (35)

=

Cince tre equilibriur consta t Kp defined by i, (1) 2 tie rite

constants in wi, (06) ure relatead by tie exnrescion

:.r, N

F /T = k. /k (3)
D

. (35) ras be written ir tre form

1 { )
1;‘-” kr\A - .J.r,) ~ 5 ’
. _ . i 310 " .. N -
- = — (WA P -, I/K ) . (}/)
it (#7)" H H »
Tinally, since t' e vealocity v at any listance x downstre- is
r.vern oy the relntior
v o= et (33)

the rite of chunse of NH wit!. distance ic ;sivan b ti s esprecsion

: CHY 00
T T R e A L O9)
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HAGIC DATA

The pertinent ther'odynumnic data used in this study were taken
fror. the National »sureau of SLundards(“’. Trey include the total
entralpy above tie reference te-eratire 29?.16°K and the absolute
entrony for the cienical srecies H and H2 and t'e logaritims of the
eyuilibriuu constants for tne reaction JH = HJ 4t terperitures from
1600% to ))OOOK. The heats of forration for H and H2 at 298.16°K
are 52,089 and O cal nol-l, respectively,

The partinent ohysical constants ..ave tie following values:

)

the acceleration of gravity g = 920,995 cr. sec ~; the gas constant

R

82.0567 cmj atm de[,-l ﬂol-l; thie 1eclinical equivilent of heat

= 4.1840 abs joules cul-l.

[ 5
I

The forward reactiorn rate con:itant ke in k4. (26) is assuned
to have the value 1077 cm rol 7 sec © over the entire ranye of ter-
peratures ud pressures covered by this .nvastipation, Tiis assump=
tion is ~ude (a) beciuse tte ctemical literature is singularly lack.ng
in kinetic daty for the Lydrogen recorbination reaction# ard (b) be-

cause the nplmary purpose of this study is to show low a rate ejquation

iy be dealt witi. in a propellant cas expansion problen,

* :
In this connectior, see Refs,5 ard €,




-13 -

COMPUTATIONAL PROCLEDURE

In general, the corposition of the ~xvanding gas may be deterrined
at any te: perature und vressure by the simultaneous solution of kgs. (1)
and (2). The entropy of tie svstem, the expansion of which is assumed
to be isentropic, may be deter in~d fro- tie initial ciamber conditions
bty neans of b,. (4). Once tie vilue of the entropy Lias been establislh~d,
Ea. () ~ar ba used to deterrine tie pressure it any tewmperature uni cou-
position. The wvelocity of tre expandiny gas at any coint ray be computed
by ceans of &, (6). The chatber velocity ma- be deterrined fror the
following considerations,

If, for 4 ,piven us: flow rate p, a plot of area A versus te.pera-
t.re T is nnde for varions te peratures hetuee: TC and Te’ a4 smuoth curve
baving a well-defined ndininwr is obtained, This po.nt of minimur areas
corresporiis to the throat of the rozzle, The chazber velocity may, tiere-

fors, be conputed fror. E|, (10) whe: tie cesipn condition
A= 2 A (40)

is gatisflied,

Since A, can ot he coy puted ~x-licitly, 3 tentat.ve vii.e for A

t &

.ust be 55 uweed on tre bHisis ©Ff sunme ronuero ¢ ber valocity, then
values of A mi te cornuled for varions vialues of T, Fror a uvlot of these
1ata a tiroal area correspondicy Lo the assumed ¢ oqnber qreg nay be deter-

rined. If t...5 urocess (s repeasted for several viliss of AC nd .f a plot

of Ac/At Vversys Ac is mde, tien, Yy interpolalion, vilies of Ac and At

rav be ottn_red which sat . sfv Lo, (40). 7his ;) cedure for aetermining

Nes Rys 370V, is perfectliy g=neral ara .9 indepsndet of t-.» type of



flov considered,

The lengt. of the nozzle rar be comnuted fron a knowledge of end
conditions only b reans of &,s. (13), (17), and (13, for constant con-
position flow and for instantaneous . e icil equilibr.wu. flow. The
kinetic case, fowever, requ.res a c*spvise sroced.re which involves tie
intapration of b,. (39) « well « tte use of s, (13), (17), nd (13,.
For this purpocs it is -onvenient to Lse *e perature 3s o parareter and
to perform t.e irlegsriticn over te nerature intervals Wt ich are srall
~noi, 1. Lo ens.re 1 degras of nccuricy ¢ nsistent wit: the data used,

T™e two re, s Where ariticular care 1ust le esercised are (a; at the
ver e~ trince to t:e nozzle, visre tre tempearature _radient 1s a raxi-

W, ad (b it t'e t roat, wers t:s nqra eters ruct he deter {ned ;re-
risels dn order o s=t.s5fy the design conditinns,

‘e Lategrat.on of 24, (39) war be dqecomplished by writing .t in

dNH,/dT = W ) \41,

wiiere L denotes the len, UL 0f tie rnozzle, and oo sur Jeclin: it to an

iterat . ve procgess which @ ket 5e 0f tre netlods and eguations U7 the

2

nurerical cileulus for egunl intervile of the apprent T, A lict o

(7)

i)

such agquation. (s given 1v Miine For t- = pres=nt © e following

four=po’nt inteprritior foroul . (s 9t sfactory:

St I f
N, = N (‘sr/a‘\ng) © NP MYy LNy (w2)
In this muation i, i8 “je tewper tu=e interv L 'n: tre prioved quanti-
tics are the first derivatives wit! respect to tenperitire of the func-

tion N it fo.r consecitive terperatures,
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In order to corry out the .ntegrat.on rrocess effect.vely, it I3
expedient to construct tubles of dNH/uL and L values for a judicious

spread of N vilues at trhe various ter peratures cons.der=d, OStuarting

.4
H
varwes of NF mty be obtained by referance to those c.lculated for the

instantaneonus » juilibriws cuce,
Cnce a set of vilues of NH is obhtained for the terperat.re range

Tc Lo Lore arbitrars TP, corresporis, vialues of dN“/dL ind of L

.

may te ohtained from the previously constricted tubles by interpolation,
Vilues of dL/dT ray e derived fro: = plot of L versus T or Ly means of
an ap:ropriste differsantiation forrula as given in Ref, 7. . uation (42)
ray then be usec to correct tie original rourh values of NH as often as

necessary to iacl.iesve converyarce,
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RESULTS AND DISCUSGION

The role fraction composition of the gas entering the nozile at
o tenperature of 3500°K in. 1 pressure of 20 atm is 0.1235 H and
0.8765 H2, and its specific entropy is 22,918 ecal deg-l gm-l. with
these data as initial conditions, a mass flow rate of 1000 gm ;ec-l,
the nozzle configuration of Fig., 1, arnd a 2-%to-1 charber-to-throat-
area retlo, the adiabhut . c flow of hydrogen tc an exi.zust pressure of
1 atm was studied, assuing first, constant corposition flow, then in-
stantaneous cremicsl equilibrium flow{ and finally, kinetic chemical
equilibriuwi flow, .he r-sults ire nreserted graph.c.lly in Figs.2
throu -t 6.,

Inspection slows that Ll.e shape of t'e kinetic flow nozzle is
identic1l with Lhat of the instantuneous flow nozzle, Tihis is due to
the fact that, since tl.e ' ignitude (1016) of the forward rate constant kf
is for all practical purposes infinite the chauber paraimeters are nwieri-
cally equal (as fir as significant figures are concerned) for tie xinetic
and th.e in.tantaneous ejuilitrium flow cases, L_ince ti.e cianber para-
.=~ters deternine the geometry of the nozzle, it follows ti..t 'hLe shape
of the nozzles must hw» [derticnl,

As was t» be expect=d t'e kinetic results are for t:e o0st part in-
term~diate netweepn the constant composition i1rd t:e instintaneous equili=-

"~

briuws flow results. This faet wias invaluable in estimating starting

viilues for the iteration ~rocess used to in egrate by, (39,. A tempera-

. . o
ture intervil of 507K vas e«rployed tiroug:out t:e :ntegration process. A

stalier intarval night have ;. ven srootlier pesults, but t'.e increased



= I &

labor would hLave been greater tian the accuracy of either tlie initial
data or tre final res.lts would warrant,

Figure 6 depicts the nozzle configuration for the three types of
flow investi,ated. It is interesting to note (a) that instantineous
equilibriun flow requires a lon,er (and larger) nozzle than does con-
st int composition flow ind (b) that for kinetic egquilibriur flow the
nozzle~ 18 sii, htly shiortker tran for instantareous egquilibriu- flow,

It mayv 1lso be noted trat nozzle design affects specific impulse
in the followin; minner, The specification of a4 2-to-1l chiuiber-to-
thiroat-area ratio results in a charter specific impulse of 14l.4 sec
for t.e constart composition flow noz:le and 136.0 s=c for both the in-
startaneous :«nd the xinetic equilibriur flow nozzles. It is obvious
from oy, (10) that a zero charber velocit: would reguire an infinite
chamber area, a factor which is not fei;itle in practice, ‘[urtheruore,
a zero ch.mber velocity wvould vield, at an exhaust pressure of 1 atm, a
specific impulse of 823.2 sec in:ttead of 235,., for constant compo-
sition flow and 373.82 sec .nstead of 88,.3 for instantan~ous ejuilibrium
flow, It i5 thus evident tiat nozzle configurat.on, specificilly chamber-
Lo-throat-ares ratio, has = de’inile effect on the rasnitude of specific
impulse or =t velocity.

In the nresent exazple ti= effect of cremicul kinetics, 1.,e,, the
rate of recorbination of liydroper atoms, on specific irnulse s not very
pronounced, as the figures 58,, 3 «nd “79.6 2t an extaust pressure of 1
atr for instantaneons and :inetic aquilibriur flow, respectively, indi-
cate, This is due, of course, to t'e ~u-nitide of the forwaird reaction

rata constart k{ and to tie nature of the cheric:l snecies, .n other



= [a RS

expanding propellant gzses in w.icl the rate constants :ssociated
vit: the pertinent cle .ci]l reictiors are aquierically smaller than
tie Lydrosen rate constant and ‘i e cienical speci-s tremselves are
less active tran Lydro,en, tre enarnl effect would be “o displace
ti.e xinetic res . 1ts towird the constant composition flow values,

In such cases, even if several differertinl ejuations sirilar to

2qe (37) are involved, the method of Integration in:icated in this
p1o~r woala te viylid, but the corputation would best te performed on

antomatic equipment,
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CONCLUSIONS

ite followin: conclusions miuy he drian fru: the foregoing atudy,

1. Tie effect »f c.emich]l kinetics on roc.et prepeliant gas=s
~xprnd.ng through 2 nouvzle hus veen detercireg ty tie L.maltanmous
solution of thres sets of e 2iations base: on trer odvnn.lC, nozzle cun-
fisuration, -nd ciemicil renction rate considerations,

o Tie fundamentsl desipn cilonlational ryiuirersant, anide fr
tie maot flow rate, is Lie cpec’ Ticatinn of 4 finit= c 4 t~p-to-thru.t-
ar-a ratio,

Jo Nozvles designed on tie veosis of chemichl kinetics for nperfect
exparsion are sorewhnt sraller tian inctantaneous » nilibriurs flow noz-
zles hut are lurger than constant covposition flow nozzles, tre d.ffar-
~rce a« enain,s on the nagnitude of e reaction rates nvolved,

§. [te -rethod of stepuise intesrition described ray b= appliec to
propell nt systers whic involve sevepy] differm: i1 @ ciuti-ng with, o

course, 1 correspond.irn, inc-ea e in corpitational lzbor,
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